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ABSTRACT
We discuss three modes of oscillation of accretion disks around rotating magnetized neutron stars
which may explain the separations of the kilo-Hertz -periodic oscillations (QPO) seen in low mass X-
ray binaries. The existence of these compressible, non-barotropic magnetohydrodynamic (MHD) modes
requires that there be a maximum in the angular velocity Ωφ(r) of the accreting material larger than
the angular velocity of the star Ω∗, and that the fluid is in approximately circular motion near this
maximum rather than moving rapidly towards the star or out of the disk plane into funnel flows. Our
MHD simulations show this type of flow and Ωφ(r) profile. The first mode is a Rossby wave instability
(RWI) mode which is radially trapped in the vicinity of the maximum of a key function g(r)F(r) at rR.
The real part of the angular frequency of the mode is ωr = mΩφ(rR), where m = 1, 2... is the azimuthal
mode number. The second mode, is a mode driven by the rotating, non-axisymmetric component of
the star’s magnetic field. It has an angular frequency equal to the star’s angular rotation rate Ω∗. This
mode is strongly excited near the radius of the Lindblad resonance which is slightly outside of rR. The
third mode arises naturally from the interaction of flow perturbation with the rotating non-axisymmetric
component of the star’s magnetic field. It has an angular frequency Ω∗/2. We suggest that the first
mode with m = 1 is associated with the upper QPO frequency, νu; that the nonlinear interaction of the
first and second modes gives the lower QPO frequency, νℓ = νu − ν∗; and that the nonlinear interaction
of the first and third modes gives the lower QPO frequency νℓ = νu − ν∗/2, where ν∗ = Ω∗/2π.
Subject headings: keywords: accretion, accretion disks — stars: neutron — X-rays: binaries —
magnetohydrodynamics — Instabilities — Waves
1. introduction
Low mass X-ray binaries often display twin kilo-Hertz
quasi-periodic oscillations (QPOs) in their X-ray emissions
(van der Klis 2006; Zhang et al. 2006). A wide variety of
different models have been proposed to explain the ori-
gin and correlations of the different QPOs. These include
the beat frequency model (Miller, Lamb, & Psaltis 1998;
Lamb & Miller 2001; Lamb & Miller 2003), the relativistic
precession model (Stella & Vietri 1999), the Alfve´n wave
model (Zhang 2004), and warped disk models (Shirakawa
& Lai 2002; Kato 2004).
A puzzling aspect of the some of the twin QPO sources
considered in this work is that the difference between
the upper νu and lower νℓ QPO frequencies is roughly
either the spin frequency of the star ν∗ (3 cases where
ν∗ = 270, 330, & 363 Hz) or one-half this frequency, ν∗/2
(4 cases where ν∗ = 401, 524, 581, & 619 Hz), for the
cases where ν∗ is known, even though νu and νℓ vary sig-
nificantly (see, e.g., Zhang et al. 2006). A further type
of behavior appears in the source Cir X-1 (Boutloukos et
al. 2006), but this is not considered here. The cases where
νu−νℓ ≈ ν∗ may be explained by the beat frequency model
(Miller et al. 1998), but the explanation of the cases where
νu − νℓ ≈ ν∗/2 is obscure.
Li and Narayan (2004) analyzed the stability of an in-
compressible rotating flow where the radial profiles of the
plasma angular rotation rate Ωφ, the magnetic field Bz,
and the density ρ change sharply at the magnetopause ra-
dius but are independent of z. The magnetic field was
dynamically important in the sense that ρu2 ∼ B2/4π
with u = rΩφφˆ . They found Rayleigh-Taylor and Kelvin-
Helmholtz type instabilities in the vicinity of the magne-
topause. Recently, Fu and Lai (2009) have done a system-
atic analysis of short wavelength modes of a disk for cases
where the magnetic field is not dynamically important.
The present work is a continuation of the study of
Lovelace and Romanova (2007; hereafter LR07) of the
magnetohydrodynamic (MHD) stability of the compress-
ible, non-barotropic stability of the boundary between an
accretion disk and the magnetosphere of a rotating mag-
netized star for conditions where Ωφ, Bz , and ρ vary
smoothly with radial distance but are independent of z,
and where the magnetic field is dynamically important.
The radial profiles of these quantities are known for dif-
ferent conditions from MHD simulations (Romanova et
al. 2002; Long, Romanova, & Lovelace 2005; Romanova,
Kulkarni, & Lovelace 2008; Kulkarni & Romanova 2008).
The recent MHD studies (Romanova et al. 2008; Kulkarni
& Romanova 2008) discovered conditions where a global
Rayleigh-Tayor instability occurs and changes the nature
of the accretion flow from a regular funnel flow pattern
to a chaotic flow of plasma fingers. The present work is
concerned with a radially localized instablity of a globally
stable approximately axisymmetric flow. Of particular im-
portance to the present work is that Ωφ(r) is observed to go
through a maximum significantly larger than the angular
rotation rate of the star Ω∗ = 2πν∗. The importance of the
maximum of Ωφ(r) for models of QPOs was discussed ear-
lier by Alpar and Psaltis (2005). LR07 showed that there
was a Rossby wave instability (RWI) or unstable corota-
tion mode with azimuthal mode numberm = 1, 2.. radially
trapped at rR near the maximum of Ωφ(r). It was sug-
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2gested that the upper QPO frequency was ωr = mΩφ(rR)
and that the lower QPO frequency was due to the inter-
action of the mode with rotating non-axisymmetric field
of the star. The theory of the RWI was developed by
Lovelace et al. (1999) and Li et al. (2000) for accretion
disks and earlier by Lovelace & Hohlfeld (1978) for disk
galaxies. Hydrodynamic simulations of the RWI instabil-
ity in disks were done by Li et al. (2001), while Sellwood
& Kahn (1991) used N−body simulations to study the
instability in galaxies. The instability has important role
in the accretion-ejection instability of disks discussed by
Tagger and collaborators (e.g., Tagger & Varnie`re 2006;
Tagger & Pellat 1999).
Section 2.1 develops the general compressible, non-
barotropic MHD equations for free perturbations an ax-
isymmetric equilibrium flow with no z−dependence. Sec-
tion 2.2 treats the driven perturbations due to the ro-
tating non-axisymmetric component of the star’s mag-
netic field. Section 2.3 treats the driven-modulated per-
turbations which result from the interaction of the non-
axisymmetric field of the star and the flow perturbation.
Section 3 develops a detailed model of the axisymmetric
flow/field equilibrium based on results from MHD simu-
lations. Section 4 discusses the results obtained applying
the theory of §2 to the model of §3. Section 4.1 treats the
free perturbations, §4.2 the driven perturbations, and §4.3
the driven-modulated perturbations. Section 5 briefly dis-
cusses the nonlinear effect of the unstable mode. Section
6 gives the conclusions of this work.
2. theory
We consider the stability of the magnetopause of a ro-
tating star with an aligned dipole magnetic field. The
envisioned geometry is shown in Figure 1. We use an
inertial cylindrical (r, φ, z) coordinate system. The equi-
librium has (∂/∂t = 0) and (∂/∂φ = 0), with the flow
velocity u = uφ(r)φˆ = rΩφ(r)φˆ . That is, the ac-
cretion velocity ur and the vertical velocity uz are as-
sumed negligible compared with uφ. The equilibrium mag-
netic field is B = B(r)zˆ. The equilibrium flow satisfies
ρr(Ω2K − Ω2φ) = −d[p + B2/(8π)]/dr, where ρ is the den-
sity, p the pressure, Φ the gravitational potential, and ΩK
the Keplerian angular rotation rate of a single particle.
BΩ
*
f f
corona
Fig. 1.— Sketch of the envisioned disk, magnetic field, and rotat-
ing star geometry. Ω∗ is the angular rotation rate of the star, the
wiggly lines indicates radiation from the surface of the disk where
the optical depth is unity, and ff indicates the funnel flow. The re-
gion outside the disk and funnel flow is occupied by a low-density,
high-temperature corona.
2.1. Free Perturbations
The perturbed quantities are: the density, ρ˜ = ρ +
δρ(r, φ, t); the pressure is p˜ = p + δp(r, φ, t); and the flow
velocity is u˜ = u+δu(r, φ, t) with δu = (δur, δuφ, 0). Also,
B˜ = zˆB + zˆδB. The equations for the perturbed flow are
Dρ˜
Dt
+ ρ˜ ∇ · u˜ = 0 , (1a)
Du˜
Dt
= −1
ρ˜
∇
(
p˜+
B2
8π
)
−∇Φ , (1b)
DS
Dt
= 0 , (1c)
D
Dt
(
B
ρ
)
= 0 , (1d)
∇2Φ = 4πGρ ,
where D/Dt ≡ ∂/∂t+ u˜ · ∇ and we refer to S ≡ p˜/(ρ˜)γ as
the entropy of the disk matter.
We consider perturbations ∼ f(r)exp(imφ−iωt), where
m = 0, 1, 2, .. is the azimuthal mode number and ω the an-
gular frequency. For free perturbations ω = ωr + iωi and
for the growing modes of interest ωi > 0. (For the driven
perturbations considered in §2.2 and 2.3, ωi = 0.) From
equation (1a), we have
i∆ω δρ = ∇ · (ρ δu) , (2)
where ∆ω(r) ≡ ω −mΩφ(r) and Ωφ = uφ/r.
From equation (1b) we have
i∆ωδur + 2Ωφδuφ =
1
ρ
∂δp∗
∂r
− δρ
ρ2
dp∗
dr
+
∂δΦ
∂r
, (3a)
i∆ωδuφ − Ω
2
r
2Ωφ
δur = ikφ
δp∗
ρ
+ ikφδΦ . (3b)
Here, Ωr ≡ [r−3d(r4Ω2φ)/dr]
1
2 is the radial epicyclic fre-
quency, kφ ≡ m/r is the azimuthal wavenumber,
p∗ ≡ p+ B
2
8π
, and δp∗ ≡ δp+ BδB
4π
.
3From equation (1c) and (1d), we have
δp = c2sδρ−
iρc2s
∆ωLS
δur , and δB =
δρ
ρ
B− iρδur
∆ω
d
dr
(
B
ρ
)
.
Combining these expressions,
δp∗ = (c
2
s + c
2
A)δρ−
iρδur
∆ω
(
c2s
LS
+
c2A
LB
)
, (4)
where
1
LS
≡ 1
γ
d ln(S)
dr
,
1
LB
≡ d ln(B/ρ)
dr
, (5a)
are the length-scales of the entropy S ≡ p/ργ and B/ρ
variations. Also,
cs ≡
(
γp
ρ
)1/2
, and cA =
|B|√
4πρ
, (5b)
are the sound and Alfve´n speeds respectively. We denote
cf ≡ (c2s + c2A)1/2 as the fast magnetosonic speed.
It is useful to introduce
Ψ ≡ δp∗
ρ
. (6)
Equations (3) can then be written as
Aδur +Bδuφ = fr , (7a)
Cδuφ +Dδur = fφ , (7b)
where
A = −i
[
∆ω +
dp∗/dr
∆ωρL∗
]
,
B = −2Ωφ , C = −i∆ω , D = Ω
2
r
2Ωφ
.
Also,
fr = −∂Ψ
∂r
+
Ψ
L∗
− ∂δΦ
∂r
,
fφ = −ikφ(Ψ + δΦ) ,
where
1
L∗
≡ 1
ρc2f
dp∗
dr
− 1
Lρ
=
1
c2f
(
c2s
LS
+
c2A
LB
)
, (8a)
and where
1
Lρ
≡ d ln(ρ)
dr
. (8b)
For a strong magnetic field cA ≫ cs we have L∗ → LB. For
a weak magnetic field cA ≪ cs, we have L∗ → LS . Using
the equation for the equilibrium ρr(Ω2K − Ω2φ) = −dp∗/dr
we have
1
L∗
= − r(Ω
2
K − Ω2φ)
c2f
− 1
Lρ
, (8c)
which is useful later.
From here on we simplify the analysis by neglecting the
self-gravity of the disk. That is, we neglect the δΦ terms
in fr and fφ.
We solve equations (7a) and (7b) to obtain
ρδur = iF
[
∆ω
Ωφ
(
∂Ψ
∂r
− Ψ
L∗
)
− 2kφΨ
]
, (9a)
ρδuφ = F
{
Ω2r
2Ω2φ
(
∂Ψ
∂r
− Ψ
L∗
)
−kφ
(
∆ω
Ωφ
+
dp∗/dr
ρΩφ∆ωL∗
)
Ψ
}
. (9b)
Here,
F ≡ ρΩφD , (10a)
where
D = Ω2r − (∆ω)2 −
dp∗/dr
ρL∗
, (10b)
is the ‘Lindblad factor.’ For real frequencies ω, D(r) is
equal to zero at a Lindblad resonance at rL. On the other
hand at a corotation resonance ℜ[∆ω(r)] = 0 at rR. Using
equation (8c) we find
D = Ω2r − (∆ω)2 −
r2(Ω2K − Ω2φ)2
c2f
− r(Ω
2
K − Ω2φ)
Lρ
. (10c)
Equations (9) can now be used to obtain
∇ · (ρδv) =
︷ ︸︸ ︷
i∆ω
r
∂
∂r
(
rF
Ωφ
∂Ψ
∂r
)
+
iF
Ωφ
∂∆ω
∂r
∂Ψ
∂r
− i
r
[
∂
∂r
(
rF∆ω
ΩφL∗
)]
Ψ− iF∆ω
ΩφL∗
∂Ψ
∂r
− 2ikφ∂F
∂r
Ψ
−2ikφF ∂Ψ
∂r
− ikφFΩ
2
r
2Ω2φL∗
Ψ+
ikφFΩ2r
2Ω2φ
∂Ψ
∂r
−ik2φF
[
∆ω
Ωφ
+
dp∗/dr
ρΩφ∆ωL∗
]
Ψ . (11)
It is useful to note that
∂∆ω
∂r
= − kφ(Ω
2
r − 4Ω2φ)
2Ωφ
.
From equations (4) and (9a) we have
δρ =
ρΨ
c2f
− F
∆ωL∗
[
∆ω
Ωφ
(
∂Ψ
∂r
− Ψ
L∗
)
− 2kφΨ
]
. (12)
Equations (11) and (12) can now be substituted into equa-
tion (2). When this is done we find that all of the terms
involving ∂Ψ/∂r apart from the overbraced term in equa-
tion (11) cancel out.
Combining equations (9) with equation (2) gives
1
r
∂
∂r
(
rF
Ωφ
∂Ψ
∂r
)
=[
ρ
c2f
+
k2φF
Ωφ
+
1
r
∂
∂r
(
rF
ΩφL∗
)
+
F
ΩφL2∗
]
Ψ
+
[
2kφF d ln(gF)
dr
]
Ψ
∆ω
+
[
k2φ(dp∗/dr)F
ρΩφL∗
]
Ψ
(∆ω)2
, (13)
where g = exp(2
∫
dr/L∗). In the limit of no magnetic field
(cA → 0 and L∗ → LS), this equation becomes the same
as the equation for the Rossby wave instability (Lovelace
et al. 1999; Li et al. 2000).
A quadratic form can be obtained by multiplying equa-
tion (13) by Ψ∗ (the complex conjugate of Ψ) and inte-
grating over the disk. Assuming rΨ∗(dΨ/dr)F/Ωφ → 0
for r → 0, ∞, we obtain
−
∫
d2r
F
Ωφ
(∣∣∣∣∂Ψ∂r
∣∣∣∣2 + k2φ|Ψ|2
)
=
∫
d2r
ρ
c2f
|Ψ|2
4+
∫
d2r
[
1
r
∂
∂r
(
rF
ΩφL∗
)
+
F
ΩφL2∗
]
|Ψ|2
+ 2
∫
d2r kφF d ln(gF)
dr
|Ψ|2
∆ω
+
∫
d2r
k2φ(dp∗/dr)F
ρΩφL∗
|Ψ|2
(∆ω)2
. (14)
For corotation modes where |∆ω|2 ≪ Ω2φ, the third and
fourth integrals on the right-hand side of equation (14) are
possibly important. Earlier work by Lovelace and Hohlfeld
(1978), Lovelace et al. (1999), and Li et al. (2000) found
that a corotation instability was possible if the quantity
gF has a maximum or minimum at the radial distance rR
where ℜ(∆ω) = 0. For a weak magnetic field (c2A ≪ c2s
where L∗ ≈ LS), we find gF = S2/γF which agrees with
the result of Lovelace et al. (1999) and Li et al. (2000)
where the self-gravity of the disk was neglected. With
negligible self-gravity, instability is found only for condi-
tions where gF has a maximum as a function of r. For a
maximum the radial group velocity of the Rossby waves is
directed towards rR (Lovelace et al. 1999). In the strong
B−field limit (c2A ≫ c2s where L∗ ≈ LB), gF = (B/ρ)2F .
We can rewrite equation (13) in a form more amenable
to numerical analysis. That is,
Ψ′′ =
(
D′
D
)
Ψ′ +
(
C0 +
C1
∆ω
+
C2
(∆ω)2
)
Ψ , (15)
where D ≡ D/(rρ) = (Ωφ/r)F−1, where D is given by
equation (10b), and F by equation (10a). The primes de-
note radial derivatives. Also,
C0 = k
2
φ +
D
c2f
− D
′
L∗D
+
1− L′∗
L2∗
,
C1 = 2kφΩφ
[
ln(gF)]′ , C2 = k2φ p′∗ρL∗ , (16)
where g is defined below equation (13).
If we let Ψ =
(D)1/2ϕ, then equation (15) can be writ-
ten in the form of a Schro¨dinger equation,
ϕ′′ =
(
C0 +
C1
∆ω
+
C2
(∆ω)2
)
ϕ ≡ U(r)ϕ ,
C0 ≡ C0 + 3
4
(
D′
D
)2
− 1
2
(
D′′
D
)
, (17)
where U(r) is an effective potential. Both U and ϕ are in
general complex for complex ω.
A quadratic form analogous to equation (14) can be ob-
tained by multiplying equation (17) by ϕ∗ dr and integrat-
ing over r. Assuming ϕ∗ϕ′ vanishes at small and large r,
we obtain
−
∫
dr |ϕ′|2 =
∫
dr C0|ϕ|2 + 2
∫
dr kφΩφ
[ln(gF)]′
∆ω
|ϕ|2
+
∫
dr
C2
(∆ω)2
|ϕ|2 . (18)
The imaginary part of this equation gives
0 = . . .− ωi
∫
dr
[
ln(gF)]′
(∆ωr)2 + ω2i
|ϕ|2 + . . . , (19)
where the ellipsis allow for contributions from the C0 and
C2 terms. If these terms are negligible as found in our nu-
merical evaluations, it follows that a non-zero growth rate
ωi is possible only for conditions where [ln(gF)]′ changes
sign as mention above (Lovelace & Hohlfeld 1978). Thus,
gF is a key function for stability of the considered flow.
Using equations (4), (9a), and (12) we obtain the rela-
tion of the temperature perturbation to Ψ,
δT
T
= A0Ψ+A1Ψ
′ ,
A0 =
γ − 1
c2f
+
1
D
(
γ − 1
L2∗
− γ
L2S
)
+
2kφΩφ
D∆ω
(
γ − 1
L∗
− γ
LS
)
,
A1 =
1
D
(
γ
LS
− γ − 1
L∗
)
. (20)
This equation shows that the temperature perturbation is
strongly enhanced at a corotation resonance where |∆ω|
becomes very small and at a Lindblad resonance where
D = 0.
2.2. Driven Perturbations
The influence of a small non-axisymmetric component
of the stellar magnetic field can be studied by including in
equation (1b) the small force due to this non-axisymmetry.
At a given radial distance, the total vertical magnetic field
B = Bv+Bi consists of the vacuum component Bv due to
current flow inside the star and the induced field Bi due
to the current flow in the plasma outside the star. The
vacuum field field has the general form
Bv = Bv0(r) + ∆Bv(r, φ, t) ,
∆Bv = Bv1(r) exp(iφ−iΩ∗t)+Bv2(r) exp(2iφ−iΩ∗t)+... ,
(21)
where Bv0 is the axisymmetric component, Bv1 ≪ Bv0
is the quadrupole component, and Bv2 ≪ Bv0 is the oc-
tupole component. The quadrupole term can represent
a non-centered but aligned dipole field in the star. The
total magnetic force or acceleration is F = −∇{[〈B〉 +
∆Bv]2
}
/(8πρ), (because (B ·∇)B=0), where 〈B〉 = 〈Bi+
Bv〉 and where the average is over φ. Linearization gives
δF = −∇[〈B〉∆Bv(r, φ, t)]/(4πρ). Thus we have
(δFr , δFφ) = (δFr0, δFφ0) exp(imφ− iΩ∗t) , (22)
wherem = 1 or 2 and Ω∗ is the angular rotation rate of the
star. The calculation of §2.1 is modified slightly beginning
with equations (7) which are here replaced by
Aδvr +Bδvφ = fr + δFr ,
Cδvφ +Dδvr = fφ + δFφ , (23)
where A, ..,D are the same as defined below equation (7).
The forcing term δF gives rise to an additional contri-
bution to ρδv not included in §2.1. This contribution is
ρδvr =
1
rD (−CδFr +BδFφ) ≡ Hr ,
ρδvφ =
1
rD (DδFr −AδFφ) ≡ Hφ , (24)
where D = D/(rρ) and D is the Lindblad factor defined in
equation (10b). Including this contribution we find that
response of the flow ϕ = Ψ/
(D)1/2 is given by
ϕ′′ − U(r)ϕ = i r
(D)1/2
∆ω
∇ ·H , (25)
5where U is defined in equation (17) andH is a known func-
tion determined by ∆Bv. We are interested in only the in-
homogeneous solutions to this equation where U, ω, ∆ω,
and D are real.
2.3. Driven-Modulated Perturbations
Here we consider the case where the abovementioned
driving force δF is modulated by the flow perturbation
Ψ (LR07). This modulation comes about naturally by in-
cluding the magnetic field perturbation δB in the magnetic
force F. That is, F = −∇{[〈B〉 + δB + ∆Bv]2}/(8πρ).
Linearization of this force gives a contribution Fm =
−∇[δB∆Bv]/(4πρ). The equations of §2.1 can be used
to derive an exact formula relating δB to Ψ, but here we
use a simplified formula for one of the dominant terms,
δB = BΨ(DL2∗)−1, in order to limit the complexity of
the equations. An equation for the driven modulated per-
turbations is then obtained by the replacement in equa-
tion (23) of δF → δFm = Ψ∗δF/(DL2∗), where δF is still
given by equation (22) and is a known function determined
by ∆Bv. The use of Ψ∗ rather than Ψ is required due
to our assumed dependence of δF in equation (22). For
the driven-modulated perturbations we obtain in place of
equation (25)
ϕ′′−Û(r)ϕ = i r
(D̂)1/2
∆̂ω
∇·
{
M̂·
[( D̂−1/2ϕ
rρL2∗
)∗
δF
]}
, (26)
where we have used the fact that Ψ = (D)1/2ϕ. The hats
over different quantities indicates that they are now oper-
ators with ω → i(∂/∂t) and kφ → −i(∂/∂φ). The matrix
M allows us to write equation (24) as H = M · δF.
Equation (26) is a linear equation for ϕ so that in gen-
eral
ϕ = ϕ0 exp(−iωt)+ϕ1 exp(iφ−iωt)+ϕ2 exp(2iφ−iωt)+.. ,
(27)
where ω is real but undetermined at this point. Clearly,
the time and angle dependence on both sides of equation
(26) must match.
For the case where there is a small quadrupole field com-
ponent ∆B = Bv1 exp(iφ− iωt), equation (26) implies
ϕ′′0 − U0,ω(r)ϕ0 =
[
Op(ϕ∗1)
]
0,ω
(m = 0),
ϕ′′1 − U1,ω(r)ϕ1 =
[
Op(ϕ∗0)
]
1,ω
(m = 1), (28)
where Op stands for the linear operator on ϕ∗ on the right-
hand side of equation (26) and the new subscripts indicate
the m value and the ω value. Here, we necessarily have
ω =
Ω∗
2
, (29)
as found earlier by LR07.
For the case where there is a small octupole field com-
ponent ∆B = Bv2 exp(2iφ− iωt), equation (26) implies
ϕ′′1 − U1,ω(r)ϕ1 =
[
Op(ϕ∗1)
]
1,ω
, (30)
where we again have ω = Ω∗/2.
In contrast with the case of driven perturbations of §2.2,
equation (26) is linear in ϕ so that its magnitude is in-
determinate. Further study is needed to determine the
magnitude of ϕ in this case. One possibility is to gen-
eralize equation (26) to include on the right-hand-side of
the equation the inhomogeneous driving force ∝ δF as
well the nonlinear force δFnl = −∇(|δB|2)/(8πρ). Ow-
ing to the nonlinearity the driving force δF at frequency
Ω∗ can generate the 1/2 subharmonic oscillations of ϕ at
the frequency Ω∗/2 described by equation (26). Analogous
subharmonic generation is known in similar systems (e.g.,
Minorsky 1974).
3. model of equilibrium
Figure 2 shows sample measured profiles of the midplane
axial magnetic field (B), the azimuthal frequency of the
disk matter [νφ = vφ/(2πr)] and its density (ρ) from MHD
simulations by Romanova, Kulkarni, & Lovelace (2008)
for globally stable case. The simulations were three di-
mensional for an approximately axisymmetric case. These
profiles motivate our choice of analytic functions to repre-
sent these quantities.
The fact that νφ(r) decreases as r decreases close to
the star is due to magnetic braking. A small twist of the
star’s magnetic field transports angular momentum of the
disk matter to the star. That is, for z > 0 there is a ver-
tical flux of angular momentum −rBφBz/(4π) > 0 with
|Bφ| ≪ |Bz| which transports the disk angular momen-
tum to the star along the star’s field lines (see Figure 1).
This loss of angular momentum implies a mass accretion
rate of the disk (outside of the region of the funnel flow)
of M˙d = −r2(Bφ)hBz/(dℓ/dr) (= const) in the absence
of viscosity (see Lovelace, Romanova, & Newman 1994),
where the h−subscript indicates evaluation at the top sur-
face of the disk, ℓ = ruφ is the specific angular momentum,
and dℓ/dr is positive for the considered profiles. The tur-
bulent viscosity due to the magnetorotational instability
(MRI) is absent in the region of the disk where cA > cs
and/or dΩφ/dr > 0 (Balbus & Hawley 1998). Note how-
ever that the disk equilibria discussed below neglect the
accretion and have Bφ = 0.
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Fig. 2.— Midplane radial profiles of the magnetic field, the az-
imuthal frequency [νφ = vφ/(2πr)], the Keplerian frequency (νK),
and the density ρ from the MHD simulations. The vertical scale is
for the azimuthal frequency of the disk matter; the star’s frequency
is ν∗ = 300 Hz. The scalings of Bz and ρ is arbitrary.
We assume a pseudo-Newtonian gravitational potential
Φg = −GM∗/(r − rS), where M∗ is the star’s mass and
rS ≡ 2GM∗/c2 = 4.14 × 105 cm for a 1.4M⊙ star. The
6angular velocity of a single paraticle is ΩK = 2πνK =
{GM∗/[r(r − rS)2]}1/2 for r ≥ 3rS . Near the star, the ro-
tation frequency of the matter is modeled following LR07
as
ν0φ(r) =
ν∗f(r)
1 + f(r)
+
νK(r)
1 + f(r)
, (31)
which is a first approximation as explained below. Here, ν∗
is the rotation frequency of the star and f(r) ≡ exp[−(r−
r0)/∆] with r0 the standoff distance of the boundary layer
and ∆ is its thickness. The azimuthal velocity of the mat-
ter is vφ = 2πrν
0
φ. Both r0 and ∆ are expected to depend
on the accretion rate and the star’s magnetic field.
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Fig. 3.— Radial profiles of the magnetic field (Bz), the azimuthal
frequency [νφ = vφ/(2πr)], the Keplerian frequency (νK), and the
density ρ of the model discussed in §3. The horizontal dotted line
indicates the real part of the frequency νr of the unstable m = 1
corotation mode discussed in §4.1. The vertical scale is for the az-
imuthal frequency of the disk matter; the star’s frequency is taken
to be ν∗ = 300 Hz. The plot scales for Bz and ρ are arbitrary. For
this case, r0/rS = 4 and ∆/rS = 0.1 in equation (25), ǫ = 0.05 and
ρ0 = 0.013 g cm−3 in equation (26), γ = 5/3, and at r/rS = 6,
cA/cs = 0.156. For this plot Bz(r = r0) = 9.32× 10
8 G.
The radial force equilibrium for the axisymmetric flow
is
ρr(2π)2(ν2K − ν2φ) = −
d
dr
(
p+
B2
8π
)
, (32)
where p = ρc2s/γ is the pressure in the disk and cs is the
sound speed. The density profile is modeled as
ρ = ρ0
(
ǫ+
(1− ǫ) exp(−0.05r/rS)
1 + f(r)
)
, (33)
with f(r) the same function as in equation (31) and ǫ is a
positive quantity much less than unity. The sound speed
is modeled by choosing say csK = 0.1rΩK(r) and then
letting
cs =
csK(r0)f(r)
1 + f(r)
+
csK(r)
1 + f(r)
. (34)
At large distances r ≫ r0, cs/vφ = 0.1 corresponds to
a disk half-thickness h ≈ 0.1r. Inside of r0 the sound
speed is assumed to be a constant. Using these expres-
sions we first solve equation (32) for B2 using equation
(31) and neglecting the pressure gradient. We then go
back and obtain the correction δνφ to the azimuthal fre-
quency needed to account for the pressure gradient; that
is, 2ρr(2π)2ν0φδνφ = dp/dr so that the actual rotation
frequency is νφ = ν
0
φ + δνφ. The correction is small,
|δνφ/ν0φ| ∼ (cs/vφ)2 ≪ 1. The radial epicyclic frequency
is calculated from Ωr = 2πνr with ν
2
r = r
−3d(r4ν2φ)/dr.
Representative curves are shown in Figures 3 and 4. The
value of the magnetic field at r/rS = 6 is arbitrary, but
here it is chosen so that cA < cs which allows the MRI to
grow which in turn gives rise to a turbulent viscosity in the
disk (Balbus & Hawley 1998). The maximum of the disk
frequency νφ is about 1149(4rS/r0)
1.68 Hz for ∆/rS = 0.1,
and it occurs at a distance about 0.26rS larger than r0. For
∆/rS = 0.2, the maximum of νφ is somewhat smaller and
it occurs at a distance about 0.4rS larger than r0.
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Fig. 4.— Radial dependences of the Alfve´n speed, cA, sound
speed cs, and azimuthal velocity uφ for the same conditions as in
Figure 3. In this plot the speeds are in units of 1010 cm/s.
4. results
We solve the equations of §2 using the equilibrium pro-
files of §3. For this we use Maple V. 12 where we de-
fine about 40 different functions of R = r/rS , for exam-
ple, ρ(R), νφ(R), νr(R),∆ω(R), B(R), .., U(R). Some of
the functions, for example, U , are complex for complex
ω. The axisymmetric (m = 0) perturbation are found to
be stable if the width of the boundary layer is not too
narrow; that is, there is stability for ∆/rS & 0.02. In
the following we consider the possible instability of modes
with m = 1, 2, ....
4.1. Free Perturbations
Figure 5 shows the radial dependence of the real part
of the key function g(r)F(r) for the same conditions as
Figure 3. This function has a maximum at rR = 3.92rS
indicated by the vertical arrow marked corotation reso-
nance. The function changes sign at rL = 4.07rS which
is a Lindblad resonance where F (and D) change signs.
The maximum of ℜ[g(r)F(r)] appears to be a general fea-
ture for profiles similar to those in Figure 2. The depen-
dence can be traced to the dependence of D(r) (equa-
tion 10b). For r decreasing significantly below r0, the
7term −(dp∗/dr)/(ρL∗) in D becomes increasingly nega-
tive. This is due to the radial dependence of the magnetic
pressure and the small density. Note L∗ is negative in this
region. On the other hand for r increasing from ∼ r0, the
positive contribution of Ω2r begins to dominate. The com-
bination of these dependences gives a ℜ[g(r)F(r)] profile
with a maximum at a distance inside the Lindblad reso-
nance as shown in Figure 5.
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Fig. 5.— Radial dependence of the real part of the key function
gF for for the same conditions as for Figure 3. The imaginary part
of the function is small compared with the real part. The function
has only a weak dependence on ω which for this plot is ω ≈ 850+i89
Hz. We find maximum instability for ℜ[∆ω(r)] = 0 at the radial
location of the maximum of ℜ(gF) indicated by the vertical arrow.
The other arrow shows a Lindblad resonance where ℜ(F) changes
sign. The vertical scale is arbitrary.
Figure 6 shows the real part of the effective potential
U(r) for the same case as Figure 5. The real part of the
frequency is chosen to give ℜ[∆ω(r)] = 0 at rR/rS = 3.92
of the maximum of ℜ[g(r)F(r)] because this give the max-
imum growth rate. Form = 1 this gives νr = ωr/2π = 850
Hz. Clearly this frequency must be larger than rotation
frequency of the star ν∗.
The depth of the potential well shown in Figure 6 in-
creases as the imaginary part of the frequency ωi = ℑ(ω) >
0 (the growth rate) decreases. We use a WKBJ treatment
with ϕ ∝ k−1/2 exp ( ± i ∫ r drk) and k = [−ℜ(U)]1/2.
The imaginary part of U is small compared with the real
part. The allowed values of ωi are then calculated using
the Bohr-Sommerfeld quantization condition,∫ rout
rin
dr k =
(
n+
1
2
)
π , n = 0, 1, 2, .. , (35)
where k ≡
√
−ℜ(U), and rin, & rout are the radii where
ℜ(U) = 0.
For the case of Figure 6, rin/rS = 3.83 and rout/rS =
3.97. The largest growth rate ωi corresponds to n = 0
and for the case of Figure 6 with m = 1 this gives
νi = ωi/2π = 89 Hz so that ωi/ωr ≈ 10%. For modes
with m ≥ 2 also grow with similar ωi/ωr values but as
discussed below these modes do not give time variations
in the total flux from the source.
For a more gradual boundary layer with ∆ = 0.2 and
m = 1, we find ℜ[∆ω(r)] = 0 for νr = 750 Hz at the ra-
dius r/rS = 3.83 of the maximum of ℜ[g(r)F(r)]. From
equation (35) we find νi = 120 Hz. For ∆ increasing from
0.2, we find that νr and rR continue to decrease gradually
and νi also decreases.
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Fig. 6.— Radial dependence of the real part of the effective poten-
tial ℜ[U(r)] (multiplied by r2
S
) for the same conditions as for Figure
5. The imaginary part of U is much smaller than the real part.
Owing to the perturbation, the surface temperature of
the disk is
T (r, φ, t) = T0 + ℜ
[
δT1 exp(iφ− iω1t)
+ δT2(r) exp(2iφ− iω2t) + . .
]
, (36)
where T0(r) is the unperturbed temperature, δT1,2(r) ≪
T0 are the amplitudes of the m = 1, 2 corotation modes,
and ω1,2 are their frequencies. We neglect the difference
between the midplane and the surface temperature of the
disk. The corresponding flux density from the disk sur-
face is proportional to S(r, φ, t) ∼ T 40 +ℜ
[
4T 30 δT1 exp(iφ−
iω1t) + 4T
3
0 δT2 exp(2iφ − iω2t) + ..
]
. The total flux for a
face-on disk, L ∼ ∫ rdrdφS, is independent of time: the
φ−integration annihilates the terms dependent on φ. For
a more general disk orientation, with the disk angular mo-
mentum tilted say towards the line of sight by an angle ι,
the Doppler effect due to the disk rotation gives a boost
to the frequency for say φ = 0 and a decrement for φ = π.
This corresponds to multiplying S by the Doppler factor
D(r, φ) ≡ [1 + ε(r) cos(φ)]4 ≈ 1 + 4ε cos(φ), where ε =
[vφ(r)/c] sin(ι) and ε
2 ≪ 1. For the case of Figure 6 where
r = 3.92rs, vφ/c = 0.289. Consequently, there is a contri-
bution to the source flux δL ∼ ∫ rdrdφD(r, φ)S(r, φ, t) ∼
16πℜ[ ∫ rdrT 30 εδT1(r) exp(−iω1t)]. We interpret this fre-
quency as the upper frequency component of the twin
QPOs as argued earlier by LR07. Note that the higher
order terms δT2, δT3, ... give no contribution to the total
flux due to the φ−integration.
4.2. Driven Perturbations
Here we consider the driven perturbations of the flow
which result from a quadrupole or octupole component
of the star’s magnetic field as discussed in §2.2. Inspec-
tion of equation (25) reveals that the radial locations of
the Lindblad resonances where D (or D) vanishes are very
important for excitation of the flow (LR07). At such a
8resonance the right-hand-side equation (25) - the driving
term - is proportional to D′(D)−3/2.
We first consider the quadrupole field case Bv1 where
m = 1 for νr = ωr/2π = 300 Hz and ωi = 0. We find
that D goes through zero at one radius, rL = 4.07rS for
this case. Near this radius we find D ≈ a(x− bx2), where
x ≡ (r − rL)/rL and a, b > 0 are constants. We are in-
terested as explained below to determine the amplitude of
this driven mode near the vicinity of the corotation mode
at rR = 3.92rS. For this purpose we develop an approxi-
mate solution to equation (25) for x2 ≪ 1 by retaining only
the most singular term in the effective potential which is
U ≈ (3/4)(D′/D)2. The right-hand side of the equation
can be approximated as KD′(D)−3/2, where K ∝ Bv1.
Thus equation (25) simplifies to
d2ϕ
dx2
− κ2ϕ = K(1− 2bx)
(x − bx2)3/2 , (37)
where κ2 = (3/4)[(1 − 2bx)/(x − bx2)]2. The inhomoge-
neous solution to this equation for x2 ≪ 1 is
ϕ =
K
3
√
x
. (38)
Although ϕ diverges at x = 0, note that Ψ = δp∗/ρ is a
constant. For −x increasing we find that the dependence
of κ2 changes from ∼ (3/4)x−2 to κ2 = κ20 ≈ 38. The
small value of κ20 means that driven mode has a signifi-
cant amplitude at the distance rR where the free mode is
excited.
With both the free perturbation and the quadrupole
driven perturbation present we have
T (r, φ, t) = T0 + ℜ
[
δT f1 (r) exp(iφ− iω1t)
+ δT d1 (r) exp(iφ− iΩ∗t)
]
. (39)
The associated flux density S ∼ T 4 is
T 40 + 4T
3
0ℜ
[
δT f1 exp(iφ− iω1t) + δT d1 exp(iφ− iΩ∗t)
]
+6T 20ℜ
{
δT f1 δT
d∗
1 exp[−i(ω1 − Ω∗)t]
}
+ ..., (40)
where the ellipsis denotes terms of the form O[exp(±2iφ)]
and O[exp(±4iφ)] which do not cause variations in the to-
tal flux. It follows from this equation that there are three
QPO components for a generally oriented disk. Two of the
components arise from the above-mentioned Doppler boost
acting first on the term δT f1 exp(iφ− iω1t), which gives a
frequency ω1 component in the total flux, and second on
the term δT d1 exp(iφ − iΩ∗t), which gives a frequency Ω∗
(the star’s rotation frequency) in the total flux. The third
component arises for the final term in equation (37) and
has a frequency ω1 − Ω∗. The component at Ω∗ is how-
ever usually absent (van der Klis 2006) so that we do not
consider this case further.
For the case of an octupole field component Bv2 where
m = 2 we find two Lindblad resonances for ωr/2π =
Ω∗/2π = 300 Hz and ωi = 0 as shown in Figure 7. One res-
onance is at rLi/rS = 4.11 and the other at rLo/rS = 4.28.
The driven motion at rLi is important here because this
is close to the radius of the unstable free perturbation rR.
For this case
T (r, φ, t) = T0 + ℜ
[
δT f1 (r) exp(iφ− iω1t)
+ δT d2 (r) exp(2iφ− iΩ∗t)
]
. (41)
The associated flux density is
T 40 + 4T
3
0ℜ
[
δT f1 exp(iφ− iω1t) + δT d2 exp(2iφ− iΩ∗t)
]
+6T 20ℜ
{
δT f1 δT
d∗
2 exp[−iφ− i(ω1 − Ω∗)t]
}
+ ... . (42)
In this case we have just two frequency components: The
first is at the frequency ω1 of the unstable free per-
turbation as a result of the Doppler boost acting on
the term δT f1 exp(iφ − iω1t). The second is at the fre-
quency ω1 − Ω∗ as a result of the Doppler boost act-
ing on the term δT f1 δT
d∗
2 exp[−iφ − i(ω1 − Ω∗)t]. The
Doppler boost acting on the remaining term in equation
(39), δT d2 exp(2iφ− iΩ∗t), causes no variation in the total
flux.
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Fig. 7.— Radial dependence of the Lindblad factor D (arbi-
trary scale) and the effective potential U (multiplied by r2
S
) for
ωr/2π = 300 Hz, ωi = 0, and m = 2 and other conditions the same
as in Figure 5.
4.3. Driven Modulated Perturbations
Here we consider the driven modulated perturbations of
the flow which result from the octupole component of the
star’s magnetic field Bv2 discussed in §2.3. Two Lindblad
resonances are again found at radii similar to the case of
Figure 7. The inner radius rLi is important here because it
is close to the radius rR of the unstable free perturbation.
For the driven modulated octupole case we have
T (r, φ, t) = T0 + ℜ
{
δT f1 (r) exp(iφ− iω1t)
+ δT dm2 (r) exp[2iφ− i(Ω∗/2)t]
}
. (43)
The associated flux density is
T 40 +4T
3
0ℜ
{
δT f1 exp(iφ−iω1t)+δT dm2 exp[2iφ−i(Ω∗/2)t)
]
+6T 20ℜ
{
δT f1 δT
dm∗
2 exp[−iφ− i(ω1−Ω∗/2)t]
}
+ ... . (44)
In this case we again have just two frequency compo-
nents: The first is at the frequency ω1 of the unstable
free perturbation as a result of the Doppler boost act-
ing on the term δT f1 exp(iφ − iω1t). The second is at the
frequency ω1 −Ω∗/2 as a result of the Doppler boost act-
ing on the term δT f1 δT
dm∗
2 exp[−iφ− i(ω1 −Ω∗/2)t]. The
Doppler boost acting on the remaining term in equation
(39), δT dm2 exp[2iφ− i(Ω∗/2)t], causes no variation in the
total flux. As mentioned in §2.3 the present theory does
not predict the value of δT dm2 .
95. nonlinear effect of unstable wave
The considered equilibrium disk (§3) does not include
accretion. However, the unstable Rossby mode discussed
in §4.1 gives rise to accretion in the vicinity of rR,
M˙Ro = −2πr
∫ h
−h
dz ℜ(δρδu∗r) , (45a)
where h is the half-thickness of the disk. We evaluate
this by taking the most singular terms in ∆ω in the limit
where this quantity almost vanishes at r = rR. This gives
δρ = 2kφFΨ/(∆ωL∗), and δur = −2ikφFΨ/ρ. Thus,
M˙Ro = −
8ωihk
2
φ|F|2|Ψ|2
ρ|∆ω|2L∗ , (45b)
where ωi > 0 is the growth rate and L∗ < 0. Thus, the
instability acts increase the mass accretion rate, M˙Ro > 0.
The unstable Rossby mode also gives an inflow of angu-
lar momentum,
FRo = −2πr
∫ h
−h
dz
[
ℜ(δρδu∗r)ruφ + ρℜ(δu∗rrδuφ)
]
.
(46a)
Using the fact that ρδuφ = −kφFΨp′∗/(ρΩφ∆ωL∗), we
find
FRo = M˙RoℓQ , (46b)
where Q = (1+u2K/u
2
φ)/2 and uK = rΩK is the Keplerian
velocity. For the case of Figure 6, Q = 1.884. Because
Q > 1, the Rossby mode transports inward more specific
angular momentum ℓ than exists in the equilibrium. Con-
sequently, a nonlinear effect of the Rossby mode is to make
the positive slope of ℓ(r) smaller in the vicinity of rR. A
sufficiently large reduction of dℓ/dr may cause the growth
rate to decrease.
6. conclusions
We have investigated three modes of accretion disks
around rotating magnetized neutron stars which may ex-
plain the separations of the kilo-Hertz quasi-periodic oscil-
lations (QPO) seen in low mass X-ray binaries. This work
is a continuation of the earlier work by LR07 where these
modes were identified. We develop the theory of compress-
ible, non-barotropic MHD perturbations of an axisymmet-
ric equilbrium flow with ∂/∂z = 0. We assume that there
is a maximum in the angular velocity Ωφ(r) of the accret-
ing material larger than the angular velocity of the star
Ω∗, and that the fluid is in approximately circular motion
near this maximum rather than moving rapidly towards
the star or out of the disk plane into funnel flows. MHD
simulations by Romanova et al. (2002, 2008), Long et al.
(2005), and Kulkarni & Romanova (2008) show this type
of flow and Ωφ(r) profile.
The first mode we find is a Rossby wave instability or
unstable corotation mode which is radially trapped in the
vicinity of the maximum of a key function g(r)F(r) at
rR. We derive a Schro¨dinger type equation for the per-
turbation, ϕ′′ = U(r)ϕ, where U(r) is the effective poten-
tial. This instability is analogous to that found earlier by
Lovelace & Hohlfeld (1978), Lovelace et al. (1999), and
Li et al. (2000) and in simulations by Li et al. (2001).
The real part of the angular frequency of the mode is
ωr = mΩφ(rR), where m = 1, 2... is the azimuthal mode
number. The imaginary part of the frequency ωi (the
growth rate) is determined by a Bohr-Sommerfeld quan-
tization of the perturbation in the effective potential. We
argue that for generally oriented disk, the Doppler boost of
the disk surface emission from the unstable m = 1 mode
will give periodic variations in the total flux with angu-
lar frequency ωr which we suggest is the higher frequency
component of the twin QPOs as proposed by LR07 The
saturation of the growth of this mode remains to be ana-
lyzed in detail in future work.
The second mode, is a mode driven by the rotating,
non-axisymmetric quadrupole [∼ exp(iφ)] and/or octupole
[∼ exp(2iφ)] components of the star’s magnetic field. It
has an angular frequency equal to the star’s angular ro-
tation rate Ω∗. This mode is strongly excited near the
radius of the Lindblad resonance which is slightly outside
the radius of the maximum of gF . When both the first and
second modes are present the nonlinearity of the emission
will in general give a product term with angular frequency
ωr − Ω∗. For a quadrupole field taking into account the
Doppler boost, we find that the total flux has periodic
variations at three frequencies, ωr, Ω∗, and ωr−Ω∗. How-
ever, the frequency Ω∗ is usually not observed (van der
Klis 2006). The situation is different for an octupole field
component again taking into account the Doppler boost.
In this case the total flux has periodic variations at two
frequencies, ωr the upper QPO and ωr − Ω∗ the lower
QPO.
The third mode arises from the interaction of the flow
perturbation with the rotating non-axisymmetric compo-
nents of the star’s magnetic field. This interaction arises
naturally owing to the fact that the magnetic force is
proportional to the gradient of the square of the mag-
netic field. We derive a linear differential equation for
this driven modulated perturbation. We find that the an-
gular frequency of the perturbation is Ω∗/2 both for the
quadrupole and the octupole field components. In the case
of the octupole field component and taking into account
the Doppler boost, we find that the total flux has peri-
odic variations at two frequencies, ωr the upper QPO and
ωr − Ω∗/2 the lower QPO. Because the equation for the
driven modulated perturbations is linear, the amplitude
of the motion is indeterminate. One possibility is that the
Ω∗/2 motion is excited nonlinearly by the rotating non-
axisymmetric field which has frequency Ω∗. This will be
discussed in a future work. Thus present theory does not
determine whether the lower QPO frequency is ωr−Ω∗ or
ωr − Ω∗/2.
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